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B pa6oTe nojiyneHa BepxHHH OLi;eHKa MomnocTH MHOJKecTBa, coflepjKamero KpaT- 
' HaHuiHH BeKTop, o6pa30BaHHoro SasHCOM pemeTKH npHBefleHHoii Gjiohhbim MeTO^OM 

. KopKHHa-SojioTapeBa. IIoKasaHO BjiiiHHHe njioTHOCTH pemeTOK na pocT MomnocTH 

I 3TOrO MHOJKeCTBa. nojiyneHbl MOmnOCTH MHOJKeCTB, COflepjKamHX KpaTHaHUIHH BBK- 

^ ' Top, o6pa30BaHHbix 6a3HcaMH KpHTHHecKHX pemeTOK, a Tax JKe pemeTOK FojibniTeHHa- 

Maftepa npHBeflennbix Gjiohhbim MeToppu KopKHHa-SojioTapeBa. 

< 

("^ ■ KjiKJHeBBie cjiOBa: noucK Kpamuaumeso eeKmopa, MomHocmb npocmpaHcmea ne- 

, pe6opa, 6aohhuu Memod KopKuna-SoAomapeea, KpumuuecKue pemerriKU, pemerriKU 

roAbdmmeuHa-Mauepa. 

B paGoxe [1], KopKHHbiM h SojioTapeBbiM 6biji npe^jioacen mcto^ npHBeflCHHa nojio- 
jKHxejibHOH KBa^paxHHHOH (|)opMt>i (HKO) OT m-nepeMeHHbix. Ha ochobc nepexo^a ox 
c/3 ■ HKO K xoHeiHbiM pemexKaM h «ocjia6jieHH3» Mexo^a, 6biji nocxpoen nepBbifi nojiHHo- 
^ MHajibHbiii no BpeMCHHoii cjiojkhocxh ajiropnxM npHBe^eHHH Gaanca pemexoK, hsbccx- 



Hbiit KaK LLL-ajiropHXM. B pa6oxe j2] 6biji HcnojibsoBan opHrHHajibHbiii Mexo^ KopKHna- 
>^ ! SojioxapcBa, na ochobc riepexofla ox HKO k xonenHbiM pemexKaM, 6biji nojiynen Mexofl 
^ I npHBe^eHHs pemexoK no KopKHHy-SojioxapcBy. B pa6oxe j3] 5biji npe^jiojKeH mcxo^ npn- 
Q ' Be^eHHa 6a3Hca, nojiyHHBniHH nasBaHHe - "6jioHHbm Mexofl KopKHHa-3ojioxapeBa"(BKZ, 
' Block Korkin-Zolotarev method), b saBHCHMocxH ox BapHaii;HH napaMexpoB [6, f3), oGpasyio- 
CN . mHH HepapxHK) Mexo;];oB npHBe;],eHHH pemexoK ox LLL-ajiropHXMa (/3 = 2) ^o npnBefl^ews 

^ ! no KopKHny-SojioxapcBy (GjioKa cocxoani,ero ns Bcex BCKXopoB Gasnca pemexKH, (3 = m). 

On;enHM Momnocxb npocxpancxBa nepe6opa fl^Jis pemenna sa^^ann noncKa Kpaxnanmero 
BCKXopa pemexKH, sa^annoro GasncoM, npe^Bapnxejibno npnBe^ennbiM BKZ-Mexo^OM. 
^ ' TeopeMa 1. Hycxb bi,b2, ■■■,bm- 6a3Hc nojinon pemexKH L C i?"^, Koxopbiii npnbe- 

5h ■ ^en BKZ-Mexo^oM c pasMcpoM 6jioKa /3, Aj— i-n cooxBexcxByron^nn MnnnMyM pemexKH, 
- - -' 7^- Koncxanxa 3pMHxa, [-j-OKpyrjienne ^o u;ejioro snanenns. Hnxcnaa on,enKa Mon],nocxH 

MnoJKCcxBa coflep>Kan];ero Kpaxnanmnn BCKXop pemexKH L paBna: 



n 



■ Ai (L) 
A,(L)J 



/l^OKasaTejifaCTBO. PaccMoxpnM cjiynaii nojinoii pemexKH. Bosbmcm nponsBOjibnbiii 
BCKXop x G L, no onpe^ejiennio pemexKH on npe^cxaBHM b bh^c x = X^i^i Vi^iy Hi ^ 

Hycxb j ^ m- nanGojibmee xaKoe, nxo yj ^ 0. Tor^a paccMoxpnM Mo^yjib CKajiapnoro 
npoHSBe^enna Yl^iVi^i fej"-opxoronajibnbiH BCKXop nojiynennbin b pesyjibxaxe 

npHMcnenna QR-pasjiojKenna, nanpnMcp mcxo^om opxoronajiH3an;HH FpaMa-ILlMH^xa. 

HocKOJibKy CKajiHpnoe nponsBe^^enne opxoronajibnbix BCKXopoB 6y^yx ^aBaxb 0, op- 
xoronajibnoe npeoGpasoBanne coxpanaex CKajiJipnoe nponsBc^enne BCKXopoB (hj^h-^^ = 
(hj-,hf)) nojiynaeM: 
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i=l 



\yMbf,bf) = \y,\\\bj 



(1) 



C flpyroii cxopoHbi npHMeHHM HepaBencTBO KoniH-ByHaKOBCKoro nojiyHHM: 



i=l 



i=l 



(2) 



IIo^cTaBHB cooTHomeHHe (1) B HepaBeHCTBO (2), riojiyHHM ||x|| = ^ 



^ l^jl ■ nocjie^Hee HepaBeHCTBO ycTaHaBjiHBaex hhjkhioio oij;eHKy ;i,jiHHt.i 

KpaTHaflmero BCKTopa b pemexKe ^ \yj\ \\bj~\\ ,yj G Z\{0}. 
AnajioraHHtiM oGpasoM paccMoxpHM cjiynaii yj^i- 



Yyibi,bf_-^ 



i=l 



\y,-l\{bf^^,bf_,) + J2{y^b^,bf.,) 



(3) 



C flpyroii cxopoHBi npHMeHHM HepaBencTBO KoniH-ByHHKOBCKoro nojiynnM: 



Yyibi,bf^^ 



. i=l 



i=l 



I 

".7-1 



(4) 



no;i;cTaBHB cooTHomeHHe (3) b HepaBencTBO (4), nojiynnM: 



\x\ 



i=l 



\x\ 



\yj-i\ + 



Y.T=i {yibubf^i) 



\x\ 



m 



1=] 



~ \\b^\\ ^ ' ^ ^ j ^ ^ ^ -K034)4)Hn;HeHTL.i FpaMa-IIlMH^Ta. 



Tor^a l^j-il G Z npHHHMaex n;ejiB.ie SHaneKHH na oxpesKe: 



\x\ 



1=] 



^ \yj~i\ ^ Yy^^^''^ + 



\x\ 



TaKHM o6pa30M, b xy^meM cjiynae, Korp^a Yl^i yif^i 



i=j yinj h,± 
r.)-i 



^ 0, yj^i npHHHMaeT 



II n;ejit.ix sHaneHHii ot tohkh n;eHTpa c KoopflHHaxaMH Yl^j yil^i,j- 



Ou,eHKa MoiUHOCTii MHOMecTBa, coflepMau^ero KpaTHadmi/ii/i seKTop, pemeTKi/i npuBefteHHoi/i 
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PaCCMOTpHM npOH3BOJIbHt.IH n;ejIOHHCJieHHbIH BCKTOp y 



yi 

2/2 



yMHoaceHHe koto- 



\ym / 

poro Ha BeKTopt.1 6a3Hca pemexKH L, ^acx nan BceBosMOJKHbie BeKTopbi, npHHa;i;jiejKairi,He 
3TOH pemexKe, x = Yl^i Vi^i-i Vi ^ ^- PaccMaxpHBaH Koop;];HHaTHt.ie KOMnoneHTbi ox m ;];o 1 



nojiyHHM (1 + 2 



Ikll 



n 



BapnaHTOB ^jia Bexxopa y. 

TaK KaK 6a3Hc (jDHKcnpoBaH B = 62, ^m}, to hhcjio bosmojkhbix BapnaHTOB sna- 
HeHHH npHHHMaeMbix BCKTopaMH pemexKH x = YliLi Vi^ii Hi ^ Z onpe^ejiHTCH MomnocTbio 

U,ejII>IX BCKTOpOB y H paBHO 

m / run 

\\x\\ 



n 



(5) 



B 6a3Hce npHBe^eHHOM BKZ-Mexo^oM nepBbiH bcktop KpaTHaflinHH b Gjiokc npHBe^en- 
Horo 6a3Hca ^ 11^*111, no^cxaBHB cooxHomeHHe b HepaBencTBO 3 nojiynnM: 




1 + 2 



l^il 



H3 TpHBHajiBHBix coo6pa>KeHHH: 



\h\\-^\i{L). 



(6) 



(7) 



B pa6oTe jl] flOKa3aHo, hto b pe3yjibTaTe npHMeneHHii 6jioHHoro Mexo^a KopKHHa- 
SojioxapeBa ^jih pemexKH L G i?" panra m, c pa3MepoM 6jioKa /3, 6yflex nojiyneH 6a3Hc, 
B = {bi, b2, bm} flJiH Koxoporo BtmojiHaioxca cjie^yiomHe nepaBencxBa (i = 1, m): 



Q m — 1 



,|?'"ir^7/-^-A.(L)^. (8) 
HoflcxaBHB B HepaBCHCXBO (6), BbipaaceHHa (7) h (8), nojiynHM HCKOMyio ou;eHKy 



n 



7/3 



^Ai (L) 



TeopeMa 2. Hycxb 61, 62, 6^- 5a3Hc nojiHoli KpHXHHecKofi pemexKH hjih pemexKH 
rojibinxefiHa-MaHepa L C i?™, Koxopbiii npHBe^en BKZ-Mexo^oM c pa3MepoM 6jioKa [3, 
7^- KOHcxaHxa 3pMHxa, [-j-OKpyrjieHHe ii;ejioro 3HaHeHH5i. Hh>kh5I5i on;eHKa moiuhocxh 
MHOJKecxBa coflepjKamero KpaxHaftinHH BeKxop pemexKH L paBHa: 



n 



^OKasaTejibCTBO. H3 xeopeMbi 1 cjie^yex, hxo MomHocxb npocxpancxBa nepe6opa ^jih 
HaxojK^eHHH KpaxHaflmero BeKxopa, yMenbinaexca npn Ai(L) < Aj(L), xax xax, b sxom 
cjiynae ^ 'A-'^^ KpHXH^ecKHX pemexoK j5], a xax ace «6jih3khx» k hhm, pemexoK 



cjiojKHbix no rojibinxefiHy-Mafiepy [6] , BtinojiHaexca y^L) 
H3 xeopeMBi 1 nojiyHHM moiuhocxb MHOJKecxBa Iljli 



1 H 



ML) 



7/3 



A,(L) 

3-1 

/3-1 



^ 1 COOXBeXCXBCHHO. 
BeKXOpOB. 
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Hpo^eMOHCTpHpyeM npeHMymecTBO nojiyneHHofi oij,eHKH. HpH pasMepe 6jioKa /3 = 2, 
BKZ-Mexo^ nepexo;],HT b LLL-ajiropHTM(JIeHCTpa-JIeHCTpa-JIoBaca), npH 5 = 1. O^Ha- 
Ko, B 3TOM cjiynae LLL-ajiropHTM He Bcer;i,a BbinojinaeTCH sa nojiHHOMHajiBHoe BpeM3, 
a sHaHHT, yxpaHHBaeT cBoe ocHOBHoe npeHMymecTBo. PaccMOTpHM KjiaccHHecKHfl Bapn- 
aHT LLL-ajiropHTMa, b KoxopoM 5 = | 0. J\n-^ Hero BtmojiHaeTca:: hi = b^, \\bi\\ ^ 

v^* ^ ~ 2...m. Hs ^OKasaTejibCTBa xeopeMbi 1 nojiyHHM YYILi ^1 + 2 ^ ^ 

1 — TTTl ( I — '^"1 \ / m(m— 1) 

3 ■ iij=2 ( 1 + 2 ■ v2 1, HTo jiynme (2-2 4 + l)'", oij,eHKH npHBe^eHHoii b paooTe 
(cm. [8], c. 370-371). 

HpH /3 = m, BKZ-Mexofl nepexo^Hx b npHBe^eHne 6a3Hca no KopKHHy-SojioxapeBy, j2]. 
Hs flOKasaxejiBcxBa xeopeMBi 1 h oij,eHOK ^ Ai(L) (cm. [2]), ^ 7m-Ai(L) 

(cm. |3|), nojiyHHM BepxHioK) oii;eHKy moiii,hocxh MHOJKecxBa co^epjKamero KpaxHaitniHH 
BeKxop paBHyio [17=1 (l + 2 [7™ ■ /+^°^^] ) = 117=1 (l + 2 [7™ ■ ) • Hs xeopcMBi 1, 

nojiyiHM HHJKHioio oii,eHKy MomHocxH MHOJKecxBa co^ep>Kain;ero KpaxHaflniHii BCKXop: 



n 



m-l J- V ) 



/I,OKa3aHHa5i oGoGmeHHaH oii;eHKa, yxoHHHex nojiyHeHHbie pannee, a xaxjKe ^cMOHcxpn- 
pyex BjiHHHHe hjioxhocxh pemexKH na pocx moiuhocxh npocxpancxBa nepe6opa npn pe- 
meHHH sa^aHH noHcxa KpaxHaiimero BCKXopa b cjiynae npe^BapHxejitnoro npHBe^eHHH ee 
6a3Hca 6jioHHt.iM MexoflOM KopKHna-SojioxapcBa. Mojkcx npHMenaxbCH ^jih cjiyHaiiHt.ix 
pemexoK, ecjiH y^aexca bbihhcjihxb oxHomenHH ee cooxBexcxByioin;HX MHHHMyMOB. 
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Usatyuk V.S. LOWER BOUND ON THE CARDINALITY CONTAINING 
SHORTEST VECTORS IN A LATTICE REDUCED BY BLOCK KORKIN- 
ZOLOTAREV METHOD. This article present a concise estimate of upper bound on 
the cardinality containing shortest vector in a lattice reduced by block Korkin-Zolotarev 
method (BKZ) for different value of the block size. Paper show how density affect to this 
cardinality, in form of the ratio of shortest vector size and successive minimal. Moreover 



Ou,eHKa MOL14HOCT11 MHOMecTBa, coflep^Kau^ero KpaTHadmi/ii/i seKTop, pemeTKi/i npuBefteHHoi/i 

BKZ-MeTOflOM 5 
we give upper estimate of cardinality for critical and Goldstein-Mayer lattices. 
Keywords: cardinality estimate, shortest vector problem, SVP, block Korkin-Zolotarev, 
BKZ, HKZ, critical and Goldshtein- Mayer lattices. 



